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Abstrat: We derive the expression for spontaneous emission rate in nite one-dimensional photoni rystal with
arbitrary defets using the eetive resonator model to desribe eletromagneti eld distributions in the
struture. We obtain expliit formulas for ontributions of dierent types of modes, i.e. radiation, substrate
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ulations are illustrated with a few numerial examples, whih demonstrate
that the appliation of eetive resonator model simplies interpretation of results.
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1. Introdution
It is a long known fat, that interation of a system
with eletromagneti radiation is aeted not only by
the system itself, but also by the environment in whih
it is situated. Plaement of an atom or a moleule in
a avity leads to many eets not present in unbounded
vauum, whih are the subjet of studies within the
area of so-alled avity QED  for a review see e.g. [1℄.
In partiular, one of these phenomena is the modia-
tion of spontaneous emission rate, predited by Purell
[2℄ and later veried in many experiments, e.g. [36℄.
This fat has onsiderable onsequenes for ontempo-
rary siene and tehnology, therefore it is an impor-
tant objet of researh. Beause spontaneous emission
is a quantum eet, for its modeling it is neessary
to employ a formalism based on quantization of ele-
tromagneti eld. A theoretial desription suitable
for the treatment of spontaneous emission in dieletri
strutures, followed in many papers, has been disussed
by Glauber and Lewenstein [7℄.
Another fat, that has been reognized over a hundred
years ago and desribed by Lord Rayleigh [8℄, is that
periodially arranged medium has peuliar properties,
with the most interesting one being the existene of
band gaps  frequeny ranges in whih no propagating
waves exist. In photonis, periodi dieletri materials
with band gaps for eletromagneti waves (photoni
band gaps) are alled photoni rystals. The simplest
of this kind of strutures are one-dimensional photoni
rystals, built of alternating layers with two dierent
refrative indies and widths (and, in fat, an be on-
sidered a partiular type of planar multilayer waveg-
uide). They are a partiularly good subjet of study,
beause one-dimensional multilayers an be desribed
analytially and are signiant from the pratial point
of view. As it has been shown, by proper hoie of pa-
rameters it is possible to obtain a band gap for all di-
retions of propagation [911℄, but even without a full
band gap, one-dimensional periodial lattie allows for
a signiant modiation of emission of light and there-
fore is useful for onstrution of devies suh as light
emitting diodes or lasers [6, 12, 13℄. To understand
their operation, and to be able to design them with
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are for various details, it is important to properly de-
sribe the impat of the struture on the proess of
emission of light.
A perfet photoni rystal, whih is stritly periodi
struture, onsists of an innite number of elementary
ells (i.e. groups of layers, whih appear in the same
sequene in every period) and an be modeled with the
use of Floquet-Bloh theorem, xing the form of modes
of the struture. A reent example of this treatment is
[14℄, in whih spontaneous emission has been desribed
with a lassially derived formula. However, a prati-
al realization of a photoni rystal is inevitably of -
nite size, thus, in a more realisti models, the struture
must be treated rather as a planar multilayer waveg-
uide. This approah makes it possible to aount for
defets (of width or refrative index) of the struture
as well. Just as in a perfet photoni rystal, it is
possible to use a lassial desription of spontaneous
emission in a planar waveguide, e.g. [15℄. One has to
note, though, that what is atually alulated this way,
is radiation of a lassial eletri dipole, and only om-
parison with a result from quantum theory allows to
establish its relation to spontaneous emission. Hene,
suh treatment is rather just a limited reonstrution
of a spei formula, and not a relevant, general theory
in any way. A proper, versatile desription of sponta-
neous emission has to be established in the quantum
framework, like [7℄. For a multilayer waveguide, a par-
tiular ase of whih is a nite one-dimensional pho-
toni rystal, one annot use the Floquet-Bloh theo-
rem and has to hoose modes of the struture in a dif-
ferent way. A basis suitable for a single interfae be-
tween two media has been proposed by Carniglia and
Mandel [16℄. In their proposition, the set of modes is
onstruted starting with plane waves propagating to-
wards the struture (sweeping through all frequenies
and angles of inidene), thus it an be referred to as
a set of so-alled inoming modes. Eah inident plane
wave has to be aompanied by respetive reeted and
transmitted waves, and suh triplet onstitutes a eld
distribution in the struture. Modes of this form are
partiularly simple, form orthogonal [17℄ and omplete
[18℄ set. There also exists a modiation of this model,
in whih instead of waves propagating towards the in-
terfae, waves propagating away from the interfae are
used [19℄, so-alled outgoing modes. With this hoie
there is always only one emitted plane wave arrying
power out in a hosen diretion, and this set is on-
sidered favorable for this kind of alulations, e.g. in
[20℄. For a multilayer struture, it is neessary to sup-
plement these models with guided modes, alulated
for the layer with the highest refrative index [21℄, and
radiation modes an be redened as ombinations of
the inoming or outgoing modes, for whih no power
ow in transverse diretion ours, what assures their
orthogonality [22℄. Field distributions of modes an be
onveniently found with the help of translation matrix
method [23, 24℄.
For all these kinds of modes, it is a ommon feature,
that a kind of soure of radiation exiting a mode is
situated outside the struture, what seems not to be
partiularly suitable for desription of emission from
a system loated inside the struture, beause it leads
to treatment of the struture as a whole blok, instead
of distinguishing partiular loations inside, whih may
have signiantly dierent properties. However, it is
possible to nd eld distributions starting from a plane
wave emerging in one of the layers. This approah, de-
sribed or employed e.g. in [25, 26℄, requires to sum
up all the reeted waves appearing in the layer, whih
resembles a text-book exerise of alulating transmis-
sion through a FP resonator. The dierene is that in
the ase of soure inside the layer, reetions our at
both interfaes, thus there are twie as muh waves to
sum. Modes obtained with this method are indexed
by wave vetors and polarizations, and naturally split
into radiation, substrate and guided modes. This on-
strution of modes is also the starting point of the ef-
fetive resonator model [2731℄, whih allows a very
lear physial interpretation of obtained results. The
model is not just limited to alulating distributions of
eletromagneti eld. Its main advantage is the deni-
tion of a quantity alled mode spetrum, whih an be
used to quikly and onveniently analyze modes and
properties of the struture. Assuming, that the inter-
faes between layers are perpendiular to z axis, mode
spetrum of a spei layer is dened as
ρǫ(k) =
1
8π3
1− |rLrR|2
|1− rLrR exp(2ikzLz)|2
, (1)
where k is wave vetor and ǫ  polarization of the mode,
rL and rR are reetion oeients of the staks of
layers on both sides of the layer with the soure (i.e.
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subsript L stands for left and R  for right, these
oeients are funtions of polarization and wave ve-
tor, but for larity of the expression it is not expli-
itly denoted), kz is the z omponent of the wave ve-
tor and Lz is the layer's width. Similar expressions
have already appeared in the literature, but they have
never been given suh an important physial mean-
ing. Mode spetrum is a quantity diretly related to
density of states and spontaneous emission rate, resem-
bling quality fator of a avity, whih also takes into
aount interferene between plane waves omposing
a mode. If the quality fator for a mode is high, then
the value of mode spetrum is high when the inter-
ferene is onstrutive, or low, if the interferene is
destrutive. In partiular, if mode spetrum is equal
to zero, this means, that the eld of the mode is om-
pletely extinguished in the avity. For modes, for whih
the quality fator is low, the value of mode spetrum
is lose to free spae value
ρfs =
1
8π3
. (2)
In this paper, we derive the expression for the spon-
taneous emission rate in a one-dimensional photoni
rystal with arbitrary defets of width or refrative
index of any layers, split into expliit ontributions
from dierent kinds of modes, i.e. radiation, substrate
and guided modes, obtained with the help of the ef-
fetive resonator model. It is shown, that mode spe-
trum haraterizes spontaneous emission rates inher-
ent for eah layer. It allows for an easy investigation
of properties of the struture, in partiular ontaining
defets, either introdued intentionally [32℄ or random
fabriation impurities, whih have negative inuene
on the struture [33℄. Calulations onduted with ef-
fetive resonator model lead to desription of spon-
taneous emission whih is partiularly onvenient for
researh on impat of the struture on the proess or
dealing with pratial tasks, where a proper design of
the struture is neessary. Obtained results an be
used for a detailed study on how a multilayer environ-
ment aets spontaneous emission deay, rst of all to
identify the modes whih ontribute the most in par-
tiular layers, what is not straightforward with other
onstrution of modes. Eetive resonator model is
ompletely analyti, thus, in priniple, it allows to ob-
tain analyti expressions desribing various aspets of
~k
ϑ
n(0) n(j)n(L) n(R)
j = 0 jj = −NL j = NR
z
Figure 1. Skethed struture of dieletri multilayer waveg-
uide.
the phenomenon or ould be used as a basis for semi-
analyti or approximate alulations in more ompli-
ated strutures. The paper is organized as follows. In
Se. 2, we dene the onsidered struture, introdue di-
mensionless parameters, partiularly suitable for anal-
ysis of its properties, and briey review a few proper-
ties of modes in the eetive resonator model. Next,
in Se. 3, we desribe the quantum formalism adopted
for alulations, whih we employ in Se. 4 to obtain
the expression for spontaneous emission rate. Contri-
butions from dierent kinds of modes are the subjet
of alulations in Se. 5. We provide a few exemplary
results in Se. 6 and Se. 7 summarizes the paper.
2. Considered struture and
adopted notation
We onsider a struture of nite one-dimensional pho-
toni rystal, whih is a partiular ase of a dieletri
multilayer waveguide, skethed in Fig. 1. We dene
the z axis perpendiular to interfaes between diele-
tri layers, whih we assume to be made of lossless,
isotropi dieletris. The refrative index of the stru-
ture is then given by
n(r) =
X
j
χj(z)n(j), (3)
where j indexes layers, n(j) is the refrative index of
the jth layer, and χj(z) the harateristi funtion of
the jth layer: χj(z) = 1 for z in the jth layer and
χj(z) = 0 for z from outside of it. Index j runs from
−NL ≤ 0 to NR ≥ 0 and we put z = 0 at the left
boundary of the layer for whih we hoose j = 0. We
treat the media outside as layers with j = −NL and
j = NR, but additionally assume, that n(R) ≤ n(L)
(in subsripts and supersripts we use abbreviations
3
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R ≡ NR and L ≡ −NL)  this is just the matter of z
axis orientation, therefore it does not aet generality
of the model or presented alulations. We denote the
width of the jth layer by L
(j)
z , using for the j = 0 layer
Lz ≡ L(0)z , and assume that layers extend to innity
in x and y diretions. For one-dimensional photoni
rystal of our onern
n(j) =
8<
:n1 for even j,n2 for odd j, (4a)
and
L(j)z =
8<
:L1 for even j,L2 for odd j, (4b)
exept for defeted layers and the surrounding media,
for whih the general notation n(j) and L
(j)
z has to be
kept.
Modes of the struture are indexed with wave vetor
k and polarization ǫ = TE,TM. To eah of them
there are bound eletri and magneti eld distribu-
tions, fkǫ(r) and fHkǫ(r). Dierent layers are equipped
with dierent sets of modes, in the paper we always
refer to modes of the layer for whih j = 0, thus we
obtain results relevant for this partiular layer (but
hosen arbitrarily). Constrution of these modes is dis-
ussed with details in [2831℄, here we wish to briey
review only a few of their properties.
Eletri and magneti elds radiated by a soure in-
side the j = 0 layer an be written in terms of eld
distributions fkǫ and f
H
kǫ:
E(r, t) ≡
XZ
k,ǫ
Ekǫ(t) fkǫ(r) (5a)
=
X
ǫ
Z
RSM
d3k Ekǫ(t)fkǫ(r)
+
X
ǫ
Z
d2k‖
X
a∈GM(k‖,ǫ)
Ekaǫ(t) fkaǫ(r) ,
H(r, t) =
XZ
k,ǫ
Bkǫ(t) fHkǫ(r) , (5b)
where Ekǫ(t) and Bkǫ(t) are time-dependent ampli-
tudes, RSM denotes subset of radiation and substrate
modes, and GM
`
k‖, ǫ
´
 disrete subset of guided
modes with given k‖ ≡
p
k2x + k2y and polarization ǫ.
For guided modes the integration is performed over
omponents kx and ky, while the whole wave vetor of
the ath guided mode is ka ≡ kxex + kyey + kz,aez.
Deomposition of modes into radiation, substrate and
guided modes is based on a standard riterion of total
reetion, we preisely dene eah of these subsets in
Se. 5. To improve larity, we use the sum-integral
symbol, whih ombines integration over omponents
of wave vetor and summation over disrete guided
modes  expression (5a) an be onsidered its deni-
tion.
Every mode an be identied with its eletri eld dis-
tribution, beause magneti eld distributions an be
obtained from the relation:
fHkǫ =
∇× fkǫ
iµ0ωk
, (6)
where
ωk =
c
n(0)
√
k2 (7)
is the angular frequeny of the mode. The last expres-
sion is the well known dispersion relation for a plane
wave, whih is a ondition the plane wave must sat-
isfy to be a valid mathematial solution of Maxwell
equations, in whih ωk and omponents of k an be in
general omplex numbers. Further restritions an be
settled by requirement, that the eld must be physial,
i.e. must not explode in innity, meaning that the ex-
ponents exp(ik · r) exp(−iωkt) should either osillate
or fade. An obvious notion is that ωk ∈ R, beause
of the time uniformity, similarly kx, ky ∈ R, beause
the onsidered struture is uniform in x and y dire-
tions, but spatial dependene in z diretion is more
ompliated. The eld is always physial if kz ∈ R,
but in general it an be as well for some imaginary
values kz ∈ iR, if the refrative index of the layer is
suiently small (the eld has to be osillatory in an-
other layer, to onnet two evanesent waves fading in
opposite diretions). However, in this paper we wish
to onentrate only on modes with real wave vetors
k ∈ R3, i.e. our onsiderations are limited to layers
with suiently high refrative index. The reason is
that for a single non-uniform plane wave with imagi-
nary kz there is no ow of energy in z diretion, thus,
a natural hoie of waves on an interfae between two
layers does not ontain a reeted wave. As our de-
nition of mode spetrum is based on reetion oe-
ients, it annot be naturally applied for non-uniform
plane waves, and we wish to show in the paper that
4
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this quantity is important for spontaneous emission.
Therefore, from now on we assume kz ∈ R.
Modes fkǫ are orthonormal, and their orthonormaliza-
tion rules are:
Z
d3r ε(r) f ∗qλ(r) · fkǫ(r) = δǫλδ(k − q) , (8a)
for radiation and substrate modes, while for guided
modes:
Z
d3r ε(r) f ∗qbλ(r) · fkaǫ(r) =
δǫλδ(kx − qx) δ(ky − qy) δab. (8b)
In the onsidered ase, relative eletri permittivity
ε(r) = n2(r). Modes fkǫ an be used to represent the
generalized transverse delta funtion δijε⊥(r, r
′), whih
is a tensor onserving transverse elds. It is dened by
the relation [7℄
Z
d3r′ ε
`
r
′´ δijε⊥`r, r′´ f jkǫ`r′´ = f ikǫ(r) (9)
(in this, and the remaining expressions in the paper, we
use the summation onvention for upper indies). The
generalized transverse delta an then be represented
as:
δijε⊥
`
r, r′
´
=
XZ
k,ǫ
f ikǫ(r) f
j∗
kǫ
`
r
′´ . (10)
This funtion has two important properties, it is real:
δij∗ε⊥
`
r, r′
´
= δijε⊥
`
r, r′
´
(11)
and
δijε⊥
`
r, r′
´
= δjiε⊥
`
r
′, r
´
. (12)
These identities an be easily proven using the relation
f ∗kǫ = −γǫf−kǫ, with
γǫ =
8<
:1, for ǫ = TE,−1, for ǫ = TM, (13)
whih is satised by all modes, and skǫfk∗ǫ = fkǫ,
satised by substrate and guided modes, for whih o-
eient skǫ = rR exp(2ikzLz) [31℄.
Elementary ell of the onsidered photoni rystal on-
sists of two layers, the rst one with width L1 and re-
frative index n1, and the seond, with width L2 and
refrative index n2. Optial widths of these layers are
dened as Λ1 = n1L1, Λ2 = n2L2, in general, for the
jth layer Λ(j) = n(j)L
(j)
z . Optial width of the whole
elementary ell is then Λ = Λ1 +Λ2. It is known, that
properties of photoni rystals depend on proportions
of the struture, thus, to investigate its properties it is
onvenient to use parameters whih are dimensionless,
and we use Λ as a unit of length in the onstrution
of suh set. To desribe the struture, we use refra-
tive indies, normalized optial widths Λi/Λ (in gen-
eral Λ(j)/Λ), normalized position in the j = 0 layer
ζ = n(0)z/Λ
(0)
and normalized frequeny Θ = f/f0,
where f0 = c/Λ. To obtain more ompat expressions,
instead of the angle of inidene ϑ we use its osine
η = cosϑ. All expressions of our interest an be writ-
ten in terms of these parameters, e.g.:
kzz = 2πηΘζ
Λ(0)
Λ
, (14a)
k(j)z L
(j)
z = ±2πΘ
s
1− 1− η
2
n2(j)/n
2
(0)
Λ(j)
Λ
, (14b)
˛˛˛
˛˛k(j)z
kz
˛˛˛
˛˛ =
vuut˛˛˛˛˛1 + n2(j)/n2(0) − 1
η2
˛˛˛
˛˛. (14)
3. Hamiltonian of the system
Eletromagneti eld and a quantum system (e.g. an
atom) interating with eah other an be desribed
with the hamiltonian onsisting of three parts:
Hˆ = Hˆem + Hˆint + Hˆat. (15)
Hˆem is the hamiltonian of eletromagneti eld in in-
homogeneous dieletri [7℄:
Hˆem =
1
2
Z
d3r :
„
ε0ε(r)E
2(r) +
(∇×A(r))2
µ0
«
:, (16)
where olons denote normal ordering, E and A are
eletri eld and vetor potential operators. Hˆat is
the hamiltonian of the quantum system. Beause
we are interested in the inuene of the struture,
we use the simplest possible expression, whih for
an eletroni system, an atom or a moleule, in the
5
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innite nulear mass approximation (so-alled Born-
Oppenheimer approximation for moleules) is the non-
relativisti hamiltonian
Hˆat =
X
a
p 2a
2m
+ Vˆ , (17)
where m is the eletron's mass, pa is the ath eletron's
momentum operator and Vˆ is the potential operator,
desribing interations of eletrons and atomi nulei.
Formally, if |Ψi〉 denote eigenstates of Hˆat with ener-
gies Ei, it an be written
Hˆat =
X
i
Ei |Ψi〉 〈Ψi| . (18)
Hˆint is the interation hamiltonian, whih an be de-
rived from the hamiltonian Hˆat through the minimal
oupling pa → pia = pa − eAa, with e < 0 being the
eletron's harge and Aa ≡ A(ra) denoting vetor po-
tential in the position of the ath eletron. In vauum
Hˆat + Hˆ
vac
int =
X
a
pi2a
2m
+ Vˆ . (19)
The A 2a term emerging from pi
2
a does not ontribute
to spontaneous emission, at least diretly, beause it
ontains no atomi operators and we neglet this term
(what is in fat a usual proedure). Beause
ˆ
ria, p
j
b
˜
=
i~δabδ
ij
, momentum pa an be expressed as
pia =
m
i~
h
ria, Hˆat
i
. (20)
We wish to onentrate on interation of eletrons lo-
alized in a small volume near an atomi nuleus (or
nulei in ase of a small moleule), what is the ase for
e.g. dopant atoms in solid state lasers, where emission
is related to transition between two atomi levels. It is
possible to study transitions of non-loalized eletrons,
like in ondution band of bulk semiondutor (see e.g.
[34℄), but that is not the ase we are going to take into
onsideration in this paper. In the ase of our inter-
est, beause optial wavelengths, whih are of onern
in ase of light emitting devies, are muh longer than
the radius of an atom, the interation Hamiltonian an
be simplied by appliation of the dipole approxima-
tion: Aa ≈ A(r0), where r0 is the position of the
system (understood as e.g. position of the enter of
mass). Then
Hˆvacint =
i
~
Ai(r0)
h
di, Hˆat
i
, (21)
where eletri dipole moment d =
P
a era. In diele-
tri, the dipole moment interats not with the maro-
sopi eld, whih is found as solution of Maxwell equa-
tion, but with mirosopi loal eld [7℄. This eet
an be aounted for by inlusion of eld enhanement
fator Ldiel, usually dened as the ratio of loal and
marosopi eletri eld, but sine the relation be-
tween eletri eld and vetor potential is linear, it
an be used with vetor potential as well. Thus, the
interation hamiltonian in dieletri medium beomes
Hˆint =
i
~
LdielAi(r0)
h
di, Hˆat
i
. (22)
At this moment it is not neessary to dene Ldiel ex-
pliitly by an expression, and beause its value depends
on applied theory, we proeed further using the general
symbol. The interation hamiltonian obtained in the
presented derivation is similar to the E · d form, but
not equivalent. This form ould be reonstruted ifh
d, Hˆint
i
= 0, beause the ommutator in (22) would
denote the time derivative, whih ould be transferred
onto the vetor potential, turning it into eletri eld.
However, it is easy to hek, that with the dipole ap-
proximation
h
d, Hˆint
i
≈ −i~Ne2
m
LdielA(r0), where N
stands for the number of eletrons. Hene, we use the
expression (22) for the interation hamiltonian.
In dieletri, vetor potential and eletri eld opera-
tors obey the ommutation rule [7℄:
h
Ai(r), Ej
`
r
′´i = − i~
ε0
δijε⊥
`
r, r′
´
(23)
and an be in the usual way expanded into the eetive
resonator modes:
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A(r) =
XZ
k,ǫ
r
~
2ε0ωk
“
akǫfkǫ(r) + a
†
kǫf
∗
kǫ(r)
”
, (24a)
E(r) =i
XZ
k,ǫ
r
~ωk
2ε0
“
akǫfkǫ(r)− a†kǫf ∗kǫ(r)
”
, (24b)
where akǫ and a
†
kǫ are the photon annihilation and reation operators, obeying the bosoni ommutation rules:
[akǫ, aqλ] =
h
a†kǫ, a
†
qλ
i
= 0, (25a)h
akǫ, a
†
qλ
i
= δǫλδ(k − q) (radiation and substrate modes), (25b)h
akaǫ, a
†
qbλ
i
= δǫλδ(kx − qx) δ(ky − qy) δab (guided modes). (25)
Hamiltonian of eletromagneti eld obtains then the form harateristi to an ensemble of harmoni osillators:
Hˆem =
XZ
k,ǫ
~ωkNˆkǫ, (26)
where Nˆkǫ = a
†
kǫakǫ is the photon number operator with eigenvetors |. . . nkǫ . . .〉, where nkǫ = 0, 1, 2, . . . and:
akǫ |. . . nkǫ . . .〉 = √nkǫ |. . . (nkǫ − 1) . . .〉 , (27a)
a†kǫ |. . . nkǫ . . .〉 =
√
nkǫ + 1 |. . . (nkǫ + 1) . . .〉 . (27b)
4. Spontaneous emission
Spontaneous emission is a proess in whih a relaxing
atom emits a single photon. Thus, for the desription
of this phenomenon, the Hilbert spae of Hˆat an be
restrited to only two eigenstates |Ψ0〉 and |Ψ1〉 (we
assume that E1 > E0), and the Hilbert spae of Hˆem
to eigenstates |0〉  with no photons, and |1kǫ〉  with
one photon in the mode with wave vetor k and polar-
ization ǫ. For the whole system, the exited state |Ψ1〉
is aompanied by the state with no photons |0〉 and
the lower state |Ψ0〉  by eld with one photon. The
proper state vetor is then:
|ψ(t)〉 = C0(t) |Ψ1〉 |0〉 +
XZ
k,ǫ
Ckǫ(t) |Ψ0〉 |1kǫ〉 . (28)
The initial onditions adequate for spontaneous emis-
sion are:
C0(t) = 1,Ckǫ(t) = 0. (29)
In the two-level ase, states |Ψ0〉 and |Ψ1〉 an be
hosen so that the transition dipole moment d10 =
〈Ψ1|d |Ψ0〉 ∈ R3. In this paper we alulate the
spontaneous emission rate following the proedure de-
sribed in [35℄. After substitutions:
C0(t) = b0(t) exp
„
− iE1t
~
«
, (30a)
Ckǫ(t) = bkǫ(t) exp
„
−i~ωk + E0
~
t
«
, (30b)
where b0(t) and bkǫ(t) are the probability amplitudes
in the interation piture, the equations of motion be-
ome:
db0
dt
=
XZ
k,ǫ
gkǫbkǫ(t) e
i(Ω10−ωk)t, (31a)
dbkǫ
dt
=− g∗kǫb0(t) ei(ωk−Ω10)t, (31b)
where angular frequeny of the atomi transition Ω10 =
(E1 − E0) /~ and
gkǫ =
〈0| 〈Ψ1| Hˆint |Ψ0〉 |kǫ〉
i~
. (32)
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In this ase, if r0 denotes the position of the quantum
system:
gkǫ = −LdielΩ10d10 · fkǫ(r0)√
2ε0~ωk
. (33)
Symmetry of multilayer struture allows to put r0 =
z0ez .
Formal solution of (31b) is:
bkǫ(t) = −g∗kǫ
Z t
0
dτ b0(τ ) e
i(ωk−Ω10)τ , (34)
therefore:
db0
dt
= −
XZ
k,ǫ
|gkǫ|2
Z t
0
dτ b0(τ ) e
i(Ω10−ωk)(t−τ). (35)
Assuming that b0 varies slowly during the time interval from 0 to t and pulling it in front of the time integral
(Markov proess approximation) one obtains:
db0
dt
= −
XZ
k,ǫ
|gkǫ|2 b0(t)
Z t
0
dτ ei(Ω10−ωk)(t−τ). (36)
In the limit t→∞ the integral over τ beomes:
lim
t→∞
Z t
0
dτ ei(Ω10−ωk)(t−τ) =
πδ(Ω10 − ωk)− P i
Ω10 − ωk , (37)
where P denotes prinipal value. The term ontaining
the delta funtion desribes the deay proess and an
be used to determine the spontaneous emission rate,
while the prinipal value term results in line shift δω,
whih is not of our onern here. In the long time limit
db0
dt
=
„
−Γ
2
+ iδω
«
b0(t) , (38)
therefore
b0(t) = exp
„
−Γt
2
«
eiδωt, (39)
where
Γ = ΓRM + ΓSM + ΓGM (40)
is the spontaneous emission rate. Contributions from
dierent kinds of modes to Γ are:
ΓRM =2π
X
ǫ
Z
RM
d3k |gkǫ|2 δ(Ω10 − ωk) , (41a)
ΓSM =2π
X
ǫ
Z
SM
d3k |gkǫ|2 δ(Ω10 − ωk) , (41b)
ΓGM =2π
X
ǫ
Z
d2k‖
X
a∈GM(k‖,ǫ)
× |gkaǫ|2 δ(Ω10 − ωka) . (41)
In ase of free spae, expression for Γ leads to the well-
known Weisskopf-Wigner rate:
Γfs =
µ0Ω
3
10d
2
10
3π~c
. (42)
With the knowledge of b0, solution of the equation of
motion for bkǫ is:
bkǫ(t) = g
∗
kǫ
1− exp`i (δω + ωk − Ω10) t− Γt2 ´
i (δω + ωk − Ω10)− Γ2
, (43)
thus, in the limit t→∞:
|bkǫ(t)|2 = |gkǫ|
2
(δω + ωk − Ω10)2 + Γ24
. (44)
5. Numerial alulations
The integration of |gkǫ|2 neessary to alulate numeri-
al value of Γ is best performed in spherial oordinates
(k, ϑ, ϕ), where ϑ is the angle of inidene and ϕ is the
azimuthal angle. Results of integration over ϕ an be
obtained easily. Every fkTE lies within the xy plane
and an be written in funtion of ϕ:
fkTE = −Pkex sinϕ+ Pkey cosϕ, (45)
where
Pk = ey · fkTE
˛˛˛
ϕ=0
. (46)
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Beause the struture has rotational symmetry, axes x
and y an be hosen in the way that
d10 = d‖ex + dzez. (47)
Then:
Z 2π
0
dϕ |d10 · fkTE|2 = πd2‖ |Pk|2 . (48)
Every fkTM lies in the plane of inidene and an be
written in funtion of ϕ:
fkTM = Qk‖ex cosϕ+Qk‖ey sinϕ+Qk⊥ez, (49)
with
Qk‖ = ex · fkTM
˛˛˛
ϕ=0
(50a)
and
Qk⊥ = ez · fkTM. (50b)
Then:
Z 2π
0
dϕ |d10 · fkTM|2 = πd2x
˛˛
Qk‖
˛˛2
+ 2πd2z |Qk⊥|2 .
(51)
Integration over ϑ has to be performed numerially.
5.1. Radiation modes
Radiation modes spread in the range of 0 ≤ ϑ ≤ ϑS
and π − ϑS ≤ ϑ ≤ π, where
ϑS = arcsin
min
˘
n(0), n(L), n(R)
¯
n(0)
. (52)
Contribution of radiation modes ΓRM to spontaneous
emission rate is:
ΓRM =
2πn3(0)Ω
2
10
c3
X
ǫ
Z ϑS
0
dϑ sinϑ
Z 2π
0
dϕ
ˆ|gkǫ|2 + |gk∗ǫ|2˜k=n(0)Ω10/c . (53)
In the seond integral over ϕ it is possible to hange the variable to ϕ + π and obtain |g−kǫ| instead of |gk∗ǫ|.
Then, beause |g−kǫ| = |gkǫ|, using the known results of integration over ϕ, after a few operations one arrives at
ΓRM =
6π3n3(0)L2dielΓfs
d210
Z 1
ηS
dη
h
d2x
“
|Pk|2 +
˛˛
Qk‖
˛˛2”
+ 2d2z |Qk⊥|2
i
Θ=Θ10
, (54)
with normalized transition frequeny:
Θij =
Ωij
2πf0
, (55)
ηS = cosϑS and
|Pk|2 = ρTE(k)
n2(0)
“
1 + Re
n
ξTE(k) e
2ikzz0
o”
, (56a)
˛˛
Qk‖
˛˛2
= η2
ρTM(k)
n2(0)
“
1− Re
n
ξTM(k) e
2ikzz0
o”
, (56b)
|Qk⊥|2 =
`
1− η2´ ρTM(k)
n2(0)
“
1 + Re
n
ξTM(k) e
2ikzz0
o”
. (56)
For radiation modes
ξǫ(k) =
r∗R
`
1− |rL|2
´
e−2ikzLz + rL
`
1− |rR|2
´
1− |rLrR|2
. (57)
Coeients (56) an be easily alulated using expliit denitions of eld distributions from [29℄ or [31℄ (we do
not reall them here, beause it would be neessary to refer to a signiant part of alulations from [29℄ in order
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to explain the symbols used in them), knowing, that in those papers a few formulas for radiation modes an be
signiantly simplied, i.e.:
Fkǫ =
n2(0)
ρǫ(k)
, (58a)
F˜kǫ =
n2(0)ξ
∗
ǫ (k)
ρǫ(k)
, (58b)
skǫ =
1−
q
1− |ξǫ(k)|2
ξǫ(k)
. (58)
In free spae, where all the modes are of radiation type,
(54) orretly reprodues the Weisskopf-Wigner spon-
taneous emission rate, and in a multilayer struture,
ontribution of eah radiation mode is proportional to
its mode spetrum.
5.2. Substrate modes
Substrate modes are found in the ranges of ϑS < ϑ <
ϑG and π − ϑG < ϑ < π − ϑS , where
ϑG = arcsin
min
˘
n(0),max
˘
n(L), n(R)
¯¯
n(0)
. (59)
However, these ranges ontain the same modes [31℄,
therefore they must not both enter into the integration.
Thus, the ontribution to spontaneous emission rate is
given by:
ΓSM =
3π3n3(0)L2dielΓfs
d210
Z ηS
ηG
dη (60)
×
h
d2x
“
|Pk|2 +
˛˛
Qk‖
˛˛2”
+ 2d2z |Qk⊥|2
i
Θ=Θ10
,
where ηG = cosϑG. For substrate modes:
|Pk|2 = 21 + Re {ξTE(k) exp(2ikzz0)}
FkTE
, (61a)
˛˛
Qk‖
˛˛2
= 2η2
1− Re {ξTM(k) exp(2ikzz0)}
FkTM
, (61b)
|Qk⊥|2 = 2
`
1− η2´
× 1 + Re {ξTM(k) exp(2ikzz0)}
FkTM
, (61)
where ξǫ(k) = r
∗
R exp(−2ikzLz), with the assumption
that n(R) ≤ n(L), and the oeient Fkǫ is given by
(58a), just like in ase of radiation modes, thus, these
expressions are also proportional to mode spetrum.
5.3. Guided modes
Guided modes our at disrete angles ϑa from the
range ϑG ≤ ϑa ≤ π/2 or π/2 ≤ ϑa ≤ π − ϑG. Just
like in the ase of substrate modes, guided modes with
ϑa and π − ϑa (and the same polarization) are in fat
the same mode, therefore summation has to restrit to
only one of these angles. Angles of inidene of guided
modes are determined by the relation
eiφa ≡ rRrLe2ikz,aLz = 1, (62)
whih allows to nd them in funtion of frequeny, or
alternatively, their osines in funtion of normalized
frequeny ηa(Θ). Beause
kz,a =
2πn(0)Θηa(Θ)
Λ
, (63)
for a guided mode |rL| = |rR| = 1 and
dφa
dΘ
= 0, (64)
it is easy to nd, that
dηa
dΘ
= −
Im
n
1
rLrR
∂
∂Θ
(rLrR)
o
+ 4πηa
Λ(0)
Λ
Im
n
1
rLrR
∂
∂η
(rLrR)
o
+ 4πΘΛ
(0)
Λ
. (65)
This equation an be solved numerially and allows
to obtain values of ηa and its derivative for dierent Θ
easier, than by solving (62) diretly (with e.g. bisetion
method).
Beause
k‖ =
2πn(0)Θ
p
1− η2a(Θ)
Λ
(66)
integration over k‖ an be replaed by integration over
Θ, whih is arried out immediately, as
δ(Ω10 − ωka) =
δ(Θ −Θ10)
2πf0
, (67)
and the guided modes' ontribution to spontaneous
emission rate turns out to be:
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ΓGM =
3π2n2(0)L2dielΓfs
2Θ10
" X
a∈GMΘ,TE
d2x
d210
Λ |Pk|2
˛˛˛
˛1− η2a,TE(Θ)−Θηa,TE(Θ) dηa,TE(Θ)dΘ
˛˛˛
˛
+
X
a∈GMΘ,TM
d2xΛ
˛˛
Qk‖
˛˛2
+ 2d2zΛ |Qk⊥|2
d210
˛˛˛
˛1− η2a,TM(Θ)−Θηa,TM(Θ) dηa,TM(Θ)dΘ
˛˛˛
˛
#
Θ=Θ10
, (68)
where GMΘ,ǫ denotes the set of guided modes for nor-
malized frequeny Θ and polarization ǫ. For guided
modes Pk, Qk‖ and Qk⊥ are given by expressions of
the same form as in the ase of substrate modes and
the relevant denition of Fkǫ an be found in [30℄ or
[31℄ as well. However, it is worth to stress, that in
ase of guided modes oeients Fkǫ have the dimen-
sion of length, thus ratios Fkǫ/Λ are dimensionless.
The term
˛˛˛
1− η2a,ǫ(Θ) −Θηa,ǫ(Θ) dηa,ǫ(Θ)dΘ
˛˛˛
is often ne-
gleted, e.g. in [21℄. It is in fat equal to one in a res-
onator with metalli mirrors, but in a multilayer stru-
ture it an dier from unity quite signiantly.
6. Exemplary results
The expression derived in previous setions allow to
alulate and present numerial values of the sponta-
neous emission rate, provided an expliit expression for
Ldiel is speied. Following Glauber and Lewenstein
[7℄, we put
Ldiel =
3n2(0)
2n2(0) + 1
, (69)
what is the proper hoie for substitutional impurities
[36℄. We have onduted alulations for the following
strutures:
 S1, with Λ1/Λ = 0.65, n1 = 3, n2 = 1.6, n(R) =
n(L) = 1 and NR = −NL = 12 (i.e. 6 periods in
eah diretion starting the ount from the j = 0
layer);
 S2, with Λ1/Λ = 0.5, n1 = 1.4, n2 = 1.2, n(R) =
1, n(L) = 1.1 and NR = −NL = 30;
 S3, with Λ1/Λ = 0.5, width defet in the j = 0
layer: Λ(0)/Λ = 0.7, n1 = 1.4, n2 = 1.2, n(R) =
1, n(L) = 1.1 and NR = −NL = 20 (i.e. 10
periods in eah diretion starting the ount from
the j = 0 layer).
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
|r
|
0.0
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
ρ
/
ρ
fs
Θ
rL
rR
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Γ
/
Γ
fs
Θ10
Γ/Γfs
ΓRM/Γ
fs
ΓSM/Γ
fs
ΓGM/Γ
fs
Figure 2. Absolute value of reetion oeients, mode spe-
trum (both for η = 1) and spontaneous emission
rates for struture S1.
Results for struture S1 are presented in Fig. 2. The
top plot ontains the absolute values of reetion o-
eients of staks of layers on both sides of the j = 0
layer, alulated for η = 1, i.e. perpendiular inidene.
The middle plot ontains mode spetrum (normalized
to the free spae value) for the same angle of inidene.
These two plots show the band gaps forming in the
photoni rystal. Band gaps appear near the normal-
ized frequeny ΘB = 0.5, orresponding to the Bragg
wavelength λB = 2Λ and its multipliities. For a band
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Figure 3. Absolute value of reetion oeients, mode spe-
trum (both for η = 1) and spontaneous emission
rates for struture S2.
gap to form, a high quality fator of the avity (layer)
is required, therefore they appear in the regions with
high reetion, whih are haraterized by low values
of mode spetrum. In perfet photoni rystal, mode
spetrum in a band gap would be equal to zero, but in
a real, nite struture it is not possible. Mode spe-
trum is high at the edges of a band gap, resembling
an eet of the modes being pushed out of the bang
gap. It is also possible to relate values of mode spe-
trum to proles of eld distribution  for high value,
the mode has strong eld in the layer, while for low val-
ues its eld in the layer is weak. Beause the emission
rate is high for modes exhibiting strong elds at the
loation of the atom, modes with high mode spetrum
are expeted to share the most of emitted power, while
those with low mode spetrum have negligible ontri-
butions to the overall rate. These observations allow to
interpret the bottom plot, showing emission rate split
into ontributions from all types of modes. Beause for
struture S1 the dieletri outside is the same, there are
0.0
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Figure 4. Absolute value of reetion oeients, mode spe-
trum (both for η = 1) and spontaneous emission
rates for struture S3.
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Figure 5. Contribution to Γ at η = 1 for struture S2.
no substrate modes and ΓSM = 0. The band gap, seen
in the middle plot, for a lower η would slide towards
higher Θ (beause the kz omponent of the wave vetor
is determined by λB), but in this struture band gaps
for all η partially overlap, thus, it exhibits a full band
gap. That is why in the plot of the radiation modes'
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Figure 6. Contribution to Γ at η = 1 for struture S3.
ontribution ΓRM/Γ there an be seen a region of Θ,
in whih the emission is pratially forbidden. How-
ever, there is present a ontribution from a few guided
modes, meaning that for transition frequenies in the
band gap the exitation of an atom would deay quite
slowly with emission into these modes.
Similar results for strutures S2 and S3 are plotted in
Figs. 3 and 4. For these strutures, n1 and n2 are
too low for a full band gap to form, therefore they
do not inhibit spontaneous emission as seletively as
S1. Instead of trying to trae harateristi spots in
Γ, whih is roughly onstant, it is muh more interest-
ing to investigate the ontributions to the deay rate
from modes with a given value of η = 1 (the same
as for whih mode spetrum was plotted), shown in
Figs. 5 and 6. These plots make it evident, that there
is a strit relation between mode spetrum and ontri-
bution to deay rate, and therefore probability of emis-
sion into a partiular mode, given by (44), as well. It is
also interesting to note, that the defet of struture S3,
whih results in a defet mode seen in the mode spe-
trum inside the band gap, does not inrease the total
deay rate, but it rather helps to diret the emission
into spei modes. Beause at eah frequeny defet
modes our only at one angle of inidene, while max-
ima at the edges of band gap an appear at two, thus,
struture S3 makes a better ontrol of the emission,
than S2.
Charateristi emission rate for an atom in a spei
layer is proportional to mode spetrum in that layer,
therefore analysis of variation of mode spetrum in dif-
ferent layers reveals important information about the
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Figure 7. Mode spetrum of a defet mode in onseutive n1
layers of photoni rystal S1 with a defet intro-
dued in layer Ndef (for η = 1, N stands for the
index of elementary ell).
struture. One of interesting results is presented in
Fig. 7. In this gure, there is plotted mode spetrum
of a defet mode in n1 layers of dierent elementary
ells of struture S1 with a defet introdued in one of
its layers. It is learly seen, that the defeted layer is
haraterized by the maximal value of mode spetrum,
whih beomes quikly muh smaller in surrounding
layers. The maximal value depends also on the situ-
ation of the defeted layer. It follows from obtained
expressions, that the same is the behaviour of sponta-
neous emission rate into the defet mode. Similarly,
in ase of a 1D photoni rystal with multiple defets,
analyzed in [32℄, the results presented therein an be
immediately related with spontaneous emission rate.
This onlusion ould not have been drawn from den-
sity of states alulated for the whole struture or with
a model assuming external exitation and is a good ex-
ample of one of the eetive resonator model's advan-
tages.
7. Summary
In this paper we have obtained the expressions de-
sribing spontaneous emission rates in a struture of
nite one-dimensional photoni rystal with arbitrary
defets. Our derivation has been based on the eetive
resonator model, whih allows to alulate eld distri-
butions and denes a quantity alled mode spetrum,
whih ontains information about physial properties
of a partiular layer of the struture. Thanks to this
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property mode spetrum is muh more useful for anal-
ysis of the struture's properties, than e.g. density of
states, haraterizing the whole struture, beause it
allows to easily observe eets assoiated with dier-
ent parts of the struture. We have dened a set of
dimensionless parameters of the struture, whih are
very onvenient to work with, in partiular the derived
formulas for the spontaneous emission deay rate are
fully expressed by them. We have disussed ontribu-
tions from modes of dierent types and shown, that
ontributions from radiation and substrate modes are
proportional to mode spetrum. This is an important
result, beause alulation of mode spetrum is muh
easier than of eld distribution and provides an easy
way of investigation how a struture aets emission of
eletromagneti radiation. Employing mode spetrum
for an analysis is partiularly beneial in ase of de-
feted strutures, allowing to easily reveal defet modes
or their behaviour throughout the struture, what is
not always easy to aomplish with other models. Ex-
emplary results inluded in the text indiate, that the
developed desription an easily haraterize sponta-
neous emission from defeted layer or any nearby layer,
and provides information on how loalization of eld
hanges when the defeted layer is moved in the pho-
toni rystal. Thus, we have shown that the eetive
resonator model is a tool suitable for modeling of spon-
taneous emission from multilayer strutures, inlud-
ing defeted nite one-dimensional photoni rystals,
whih an be easily applied in various pratial designs.
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